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Mason Woodhouse Twistor Painlev’e
4 $\mathbb{C}^{4}$ Grassmann $G_{2,4}$












1 $F_{1}(a, c;t)=C \int_{0}^{1}e^{tu}u^{a-1}(1-u)^{c-a-1}du$ , (Kummer)
$J_{a}(x)=C \int e^{t(u-1/u)}u^{-a-}du$ , (Bessel)
$H_{a}(x)=C \int e^{xtu-\frac{1}{2}u^{2}}u^{-a-1}du$ , (Hermite)
Ai $(x)=C \int e^{tu^{1}}-s^{u^{3}}du$ . (Airy)
4 1 $+$ 1 $+$ 1 $+$ 1, 2 $+$ 1 $+$ 1,2 $+$ 2,3 $+$ 1,4
4 $GL_{4}(\mathbb{C})$
stratum
Definition 1. $a\in GL_{4}(\mathbb{C})$ $O(a)=\{gag^{-1}|g\in$
GL4(C) $\}$
$a\in GL_{4}(\mathbb{C})$ $a$ 2
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$(a_{0} a_{l} a_{2} a_{3})rightarrow H_{(1,1,1,1)}=\{(h_{0} h_{l} h_{2} h_{3})\}$
$(\begin{array}{llll}a_{0} 1 a_{0} a_{2} a_{3}\end{array})rightarrow H_{(2,1,1)}=\{(h_{0} h_{1}h_{0} h_{2} h_{3})\}$ ,
$(\begin{array}{llll}a_{0} 1 a_{2} 1 a_{0} a_{2}\end{array})rightarrow H_{(2,2)}=\{(\begin{array}{llll}h_{0} h_{1} h_{2} h_{3} h_{0} h_{2}\end{array})\}$ ,
$(\begin{array}{llll}a_{0} 1 a_{0} 1 a_{0} a_{3}\end{array})rightarrow H_{(3,1)}=\{(\begin{array}{llll}h_{0} h_{l} h_{2} h_{0} h_{l} h_{0} h_{3}\end{array})\}$ ,




$a_{i}\neq a_{j}(i\neq j)$ .
2.2 Gauss
(1) $H=H_{(1,1,1,1)}$ $\tilde{H}$
$\chi$ : $\tilde{H}arrow \mathbb{C}^{x}$
$\chi(h;\alpha)=h_{0}^{\alpha 0}\cdots h_{3}^{\alpha_{3}}$
$\alpha=(\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3})=(\alpha_{0}, a-1, c-a-1, -b)\in \mathbb{C}^{4}$ . $\chi$
$u$
$h_{0}(u)=1$ , $h_{1}(u)=u$ , $h_{2}(u)=1-u$ , $h_{3}(u)=1-tu$
$u$ $\chi(h(u);\alpha)$ (1)






$\mathbb{C}\subset \mathbb{P}^{1}$ $s=(so, s_{1})$ : $u=s_{1}/s_{0}$ $\mathbb{C}$ $\mathbb{P}^{1}$
$\chi(h(u);\alpha)du=(\frac{s_{1}}{s_{0}})^{\alpha_{1}}(1-\frac{s_{1}}{s_{0}})^{\alpha_{2}}(1-t\frac{s_{1}}{s_{0}})^{\alpha_{S}}d(\frac{s_{1}}{s_{0}})$
$=s_{0}^{-2-\alpha_{1}-\alpha_{2}-\alpha_{3}}s_{1}^{\alpha_{1}}(s_{0}-s_{1})^{\alpha_{2}}(s_{0}-ts_{1})^{\alpha_{3}}(s_{0}ds_{1}-s_{1}ds_{0})$ .
$\chi$ $\alpha_{0}$ $\alpha$o $=-2-\alpha_{1}-\alpha_{2}-\alpha_{3}=b-c$
$s_{0}^{\alpha_{0}}$ l $\chi$ $h_{0}^{\alpha_{0}}$ $s$ $s_{0}$
$u=\infty$
$\infty$ $0,1,1/t$ $h_{0}^{\alpha_{0}}$
$2F1(a, b, c;t)=C \int\chi(h(s);\alpha)(s_{0}ds_{1}-s_{1}ds_{0})$
$h_{i}(s)$







$2\cross 4$ $z$ $t$
$Z=$ { $z\in$ Mat24 ( $\mathbb{C})|$ $2\cross 2$ $\neq 0$ } $z=(z_{0}, z_{1}, z_{2}, z_{3})\in Z$








$GL_{2}(\mathbb{C})\cross Z\cross H\ni(g, z, h)\mapsto gzh\in Z$ (3)
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$z\in Z$ $g\in$ GL2 $(\mathbb{C})$
$h\in H$




$H=H_{(4)}$ $H\ni h$ $h=h_{0}I+h_{1}\Lambda+$
$h_{2}\Lambda^{2}+h_{3}\Lambda^{3}$ $\Lambda=(\delta_{i+1,j})_{0\leq i,j\leq 3}$
$\tilde{H}$
$\chi$ : $\tilde{H}arrow \mathbb{C}^{x}$ $h$ $\theta_{j}(h)(j=0, \ldots, 3)$
$\log(h_{0}I+h_{1}\Lambda+h_{2}\Lambda^{2}+h_{3}\Lambda^{3})=(\log h_{0})I+\theta_{1}(h)\Lambda+\theta_{2}(h)\Lambda^{2}+\theta_{3}(h)\Lambda^{3}$. (4)
$\log$
$\theta_{0}(h)=\log h_{0}$ , $\theta_{1}(h)=\frac{h_{1}}{h_{0}}$ ,
$\theta_{2}(h)=\frac{h_{2}}{h_{0}}-\frac{1}{2}(\frac{h_{1}}{h_{0}})^{2}$ , $\theta_{3}(h)=\frac{h_{3}}{h_{0}}-(\frac{h_{1}}{h_{0}})(\frac{h_{2}}{h_{0}})+\frac{1}{3}(\frac{h_{1}}{h_{0}})^{3}$
$h\mapsto$ $(h_{0}, \theta_{1} ($ $), . . . , \theta_{3}($ $))$ $H_{(4)}\simeq \mathbb{C}^{x}\cross \mathbb{C}^{3}$
$\chi$
$\alpha=(\alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3})\in \mathbb{C}^{4}$
$\chi(h;\alpha)=\exp(\alpha_{0}\theta_{0}+\alpha_{1}\theta_{1}(h)+\alpha_{2}\theta_{2}(h)+\alpha_{3}\theta_{3}(h))$
Airy $\alpha=(-2,0,0, -1)$ $\chi$
$u$




$Z_{(4)}=\{z=(z_{0}, \ldots, z_{3})\in Mat_{2,4}(\mathbb{C});\det(z_{0}, z_{1})\neq 0\}$
$Z_{(4)}$ $F(z, \gamma)=\int_{\gamma}\chi(sz;\alpha)(s_{0}ds_{1}-s_{1}dso)$ 2
$GL_{2}(\mathbb{C})\backslash Z_{(4)}/H_{(4)}\simeq\{(\begin{array}{llll}1 0 0 00 1 0-t \end{array})|t\in \mathbb{C}\}$
$F$ Airy




: $N+1$ $\lambda=(n_{1}, \ldots, n_{l})$ $GL_{N+1}(\mathbb{C})$
$H_{\lambda}=J(n_{1})\cross\cdots\cross J(n_{l})$ , $J(n)=\{h=(\begin{array}{llll}h_{0} h_{n-1} \ddots | h_{1} .\cdot h_{l} h_{0}\end{array})$ ; $h_{0}\neq 0\}$
$h\in H_{\lambda}$ $h=(h^{(1)}, \ldots, h^{(\ell)}),$ $h\in J(n_{k})$ $J(n)$ Jordan
$\tilde{H}_{\lambda}$ $J(n)\simeq \mathbb{C}^{\cross}\cross \mathbb{C}^{n-1}$






$H_{\lambda}$ : $\chi$ : $\tilde{H}arrow \mathbb{C}^{\cross}$ Jordan $\chi_{n}$ : $\tilde{J}(n)arrow \mathbb{C}^{\cross}$
$\chi(h;\alpha)=\prod_{k=1}^{p}\chi_{n_{k}}(h^{(k)};\alpha^{(k)})=\prod_{k=1}^{\ell}\exp(\sum_{m=0}^{n_{k}-1}\alpha_{m}^{(k)}\theta_{m}(h^{(k)}))$
$\alpha^{(k)}=(\alpha_{0}^{(k)}, \ldots, \alpha_{n_{k}-1}^{(k)})\in \mathbb{C}^{n_{k}}$ .
: $\mathbb{P}^{r}$ $s=(s_{0}, \ldots, s_{r})$ $t$
$Z=\{z=(z^{(1)}, \ldots, z^{(\ell)})\in Mat_{r+1,N+1}(\mathbb{C})|$ $(^{*})\}$
$z^{(k)}=(z_{0}^{(k)}, \ldots, z_{n_{k}-1}^{(k)})\in Mat_{r+1,n_{k}}(\mathbb{C})$ $(^{*})$ $0\leq$
$m_{k}\leq n_{k}$ $(k=1, \ldots, l)$ $m_{1}+\cdots+m\ell=r+1$ $(m_{1}, \ldots, m\ell)$
$\det(z_{0}^{(1)}, \ldots, z_{m_{1}-1}^{(1)}, \ldots, z_{0}^{(l)}, \ldots, z_{m\ell-1}^{(l)})\neq 0$
Definition. $\chi(\cdot;\alpha)$ $\sum_{k=1}^{p}\alpha_{0}^{(k)}=-r-1$ , $\alpha_{n_{k}-1}^{(k)}\neq 0(\forall k)$
$I(z, \alpha,c)=\int_{c}\chi(sz;\alpha)\cdot\sigma$ ,
$\sigma=\sum_{i=0}^{r}(-1)^{i}ds0\wedge\cdots\hat{ds_{i}}\cdots\wedge ds_{r}$ $c$ $\chi(tz;\alpha)$







$\ldots$ , $A_{N}\in Mat_{p}(\mathbb{C})$
$dA_{j}= \sum_{i(\neq j)}[A_{i}, A_{j}]d\log(t_{i}-t_{j})$
, $(j=1, \ldots N)$ (5)
Schlesinger $N+1$ $\mathbb{P}^{1}$ Fuchs
$\frac{\partial y}{\partial x}=\sum_{j=1}^{N}\frac{A_{j}(t)}{x-t_{j}}y$ (6)
monodromy $A_{0}:=-A_{1}-\cdots-A_{N}$ $x=\infty$
$t$
$\frac{\partial y}{\partial t_{j}}=-\frac{A_{j}(t)}{x-t_{j}}y$ $(j=1, \ldots, N)$ (7)
(5) (6) (7) Painleve $P_{6}$
























$F_{1},2=\{(v_{1},$ $v_{2})|v_{1}\subset v_{2}\subset \mathbb{C}^{N+1}$ . $\dim v_{k}=k\}$









$F_{2}\ni q\mapsto\hat{q}=\pi_{1}(\pi_{2}^{-1}(q))(\simeq \mathbb{P}^{1})\subset F_{1}$ twistor line
$F_{1}\ni p\mapsto\tilde{p}=\pi_{2}(\pi_{1}^{-1}(p))$ .
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Schlesinger 1 $\mathbb{P}^{1}$ monodromy
$\mathbb{P}^{1}$ monodromy
twistor 2
$Gr$2 $N+1$ Yang Mills $Gr$2 $N+1$ $H_{\lambda}$








$([\zeta], h)\mapsto[\zeta h]$ (12)
$\lambda=(n_{1}, \ldots, n_{\ell})$ $x$
$\zeta=(\zeta^{(1)},$
$\ldots,$
$(^{(p)}),$ $\zeta^{(k)}=(\zeta_{0}^{(k)}, \ldots, \zeta_{n_{k}-1}^{(k)})$ (13)
$h=(h^{(1)}, \ldots, h^{(\ell)}),$ $h^{(k)}\in J(n_{k})$
$[\zeta h]=[\zeta^{(1)}h^{(1)}, \ldots, \zeta^{(\ell)}h^{(\ell)}]$
Theorem 3. $U\subset \mathbb{P}^{N}$ rank $r$ $\pi:Earrow U$
(i) $U$ $H_{\lambda}$ $(\zeta\in U, h\in Harrow\zeta h\in U)$
(ii) $H_{\lambda}$ $E$
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$z=(z^{(1)}, \ldots, z^{(\ell)})$ , $z^{(k)}=(z_{0}^{(k)}, \ldots, z_{n_{k}-1}^{(k)})\in Mat_{2,n_{k}}(\mathbb{C})$
Mat2 $N+1(\mathbb{C})$ $Z$
$Z=\{z\in Mat_{2,N+1}(\mathbb{C})|\det(z_{0}^{(k)}, z_{1}^{(k)})\neq 0$ , $\det(z_{0}^{(k)}, z_{0}^{(l)})\neq 0$ $(1\leq k, l\leq\ell)\}$
$\Phi$ : $\mathbb{P}^{1}\cross Zarrow \mathbb{P}^{N}$





Theorem 4. $U\subset \mathbb{P}^{N}$ line $H_{\lambda}$ $\pi$ : $Earrow U$ $U$
rank $r$ : (i) $U$ $H_{\lambda}$ $\mathbb{P}^{N}$
(ii) $E$ $U$ line $(iii)H_{\lambda}$ $U$
$E$ $H_{\lambda}$
$E$ $\nabla$ $\Phi$ : $\mathbb{P}^{1}\cross Zarrow \mathbb{P}^{N}$ $\Phi^{*}E$
$\Phi^{*}\nabla$ monodmmy
$\frac{dy}{dx}=(\sum_{k=1}^{\ell}\sum_{j=0}^{n_{k}-1}A_{j}^{(k)}(z)\frac{\partial\theta_{j}(\vec{x}z^{(k)})}{\partial x})y$ (16)








$N+1$ $\lambda=(1, \ldots, 1)$ $Z\subset Mat_{2,N+1}(\mathbb{C})$
$Z’=\{z=(\begin{array}{llll}-t_{0} -t_{l} \cdots -t_{N}1 1 \cdots l\end{array})|t_{i}\neq t_{j}$ $(i\neq j)\}$
$N+1$ $\lambda=(1, \ldots, 1)$ $H=H_{\lambda}$ $GL_{N+1}(\mathbb{C})$ Cartan
subgroup $Z_{\lambda}$ $Z_{\lambda}/H$ $Z’$
$\Phi$ : $\mathbb{P}^{1}\cross Z’arrow \mathbb{P}^{N}$
$([\xi], z)\mapsto[\xi z]=(\xi z_{0}:...:\xi z_{N})$ (18)
3 $\nabla$ $\omega$ $\Phi$










$H_{\lambda}$ 4 Cartan $Z_{\lambda}\subset$ Mat24 $(\mathbb{C})$
$Z’=\{z=(\begin{array}{lll}1 0-1-t 0 11 1\end{array})|t\neq 0,1,$ $\infty\}$
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$Z’$ $\mathbb{P}^{1}$ 4 GL2 $(\mathbb{C})\backslash Z_{\lambda}/H_{\lambda}$











4 (4) GL4 $(\mathbb{C})$ $H=H_{(4)}$
$z_{(4)}\subset$ Mat24 $(\mathbb{C})$
$Z’=\{z=(\begin{array}{llll}1 0 t 00 1 0 0\end{array})|t\neq 0,$ $\infty\}$
$Z’$ $\mathbb{P}^{1}$ GL2 $(\mathbb{C})\backslash Z_{(4)}/H_{(4)}$


















Schlesinger $H_{\lambda}$ Lie $\lambda$
Lie “ ” $H_{\lambda}$
$\lambda$
$G=GL_{N+1}(\mathbb{C})$ $=Mat_{N+1}(\mathbb{C})$ Lie $G$ $\mathfrak{g}$
$X\in \mathfrak{g}$ $O(X)$
Definition. $X\in \mathfrak{g}$ $\dim O(X)$ $g_{reg}$
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. $A\in \mathfrak{g}_{reg}\Leftrightarrow A$ Jordan Jordan. $A\sim A’=A_{1}\oplus A_{2}\oplus\cdots\oplus Ap$ ,
$A_{k}=(\begin{array}{llll}a_{\text{ }} 1 . \ddots \ddots 1 a_{k}\end{array})\in Mat_{n}k(\mathbb{C})$
$A’$
$\lambda$
$\dim O(A)=\dim \mathfrak{g}-(N+1)$ .. Jordan $\lambda=(n_{1}, \ldots, n_{\ell})$ $\mathfrak{g}_{\lambda}$
$\mathfrak{g}_{reg}=$ $\cup$ $\mathfrak{g}_{\lambda}$ , $\dim g_{\lambda}=\dim \mathfrak{g}-(N+1)+\ell(\lambda)$ .
$\lambda:N+1$
$\circ$ stratffication
stratification. $\lambda,\mu$ $N+1$ (Yang diagram) $\mu$ $\lambda$ $\mu$ $\lambda$
2 parts 1 parts
$\lambdaarrow\mu$. $\mu$ $\lambda$ Yang diagram












$\lambdaarrow\mu$ stratum g$\lambda$ $\mathfrak{g}_{\mu}$
$A\in \mathfrak{g}_{\mu}$ $\epsilon\in \mathbb{C}\backslash \{0\}$
$A(\epsilon)\in \mathfrak{g}_{\lambda}$ $\lim_{\epsilonarrow 0}A(\epsilon)=A$
Example. $\lambda=(1,1)$ , $\mu=(2)$
$A=(\begin{array}{ll}a 1 a\end{array})\in \mathfrak{g}_{\mu}$ $A(\epsilon)\in 9\lambda$ . $g(\epsilon)=(1 l\epsilon)$
$\epsilon\neq 0$ $g(\epsilon)\in GL$2 $(\mathbb{C})$ $A$ $a$
1 $(a, 1)$
$A=(\begin{array}{ll}a l a\end{array})arrow(a, 1)arrow(a, 1)g(\epsilon)=(a, a+\epsilon)arrow$
$(a a+\epsilon)arrow A(\epsilon)=g(\epsilon)(a a+\epsilon)g(\epsilon)^{-1}=(\begin{array}{ll}a 1 a+\epsilon\end{array})$
$A(\epsilon)$ $A(\epsilon)\in \mathfrak{g}_{\lambda}$ $(\epsilon\neq 0)$ $\lim_{\epsilonarrow 0}A(\epsilon)=A$





$\det g(\epsilon)=\epsilon^{pq}$ $\epsilon\neq 0$ $g(\epsilon)$
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2.





3. hm.$arrow 0^{A(\epsilon)=A}$ $(\epsilonarrow 0)$
Remark. “ ”
42 $\nabla_{\lambda}$
$N+1$ $\lambda=(p, q),$ $\mu=(p+q)$
1. $\nabla_{\mu}=d-\omega_{\mu}$ $\omega_{\mu}$
$\omega_{\mu}=\sum_{j=0}^{N}B_{j}(w)d\theta(\vec{x}w)$ , $w\in Z_{\mu}$
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2. $\backslash$ item $w\in Z_{\mu}$ $z=z(5)$ $A=A(\epsilon)$ $B$
$z(\epsilon)=wg(\epsilon)=(z^{(1)}(\epsilon), z^{(2)}(\epsilon))\in Z_{\lambda}$
$A(\epsilon)=(A_{0}^{(1)}(\epsilon), \ldots, A_{p-1}^{(1)}(\epsilon), A_{0}^{(2)}(\epsilon), \ldots, A_{q-1}^{(2)}(\epsilon))$
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